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Abstract: Ramanujan’s lost notebook contains many results on mock theta functions. In particular, the lost
notebook contains eight identities for tenth order mock theta functions. Previously many authors proved the first
six of Ramanujan’s tenth order mock theta function identities. It is the purpose of this paper to prove the seventh
and eighth identities of Ramanujan’s tenth order mock theta function identities which are expressed by mock theta
functions and also a definite integral. The properties of modular forms are used for the proofs of theta function
identities and L. J. Mordell’s transformation formula for the definite integral.
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Let us start from the famous quote on Ramanujan by one of the prominent mathematician:

I still say to myself when I am depressed and find myself forced to listen to pompous and tiresome people, *Well I have
done one thing you could never have done, and that is to collaborated with Little wood and Ramanujan on something
like equal terms’.

G.H.HARDY

1. INTRODUCTION
In S. Ramanujan’s last letter to G. H. Hardy [BR], Ramanujan described a mock theta function, which is a function f(q)
defined by a g-series which converges for | g |< 1 and which satisfies the following two conditions:

(1) For every root of unity {, there is a theta function 6 (q) such that the difference f(q) — 6C (q) is bounded as q — (
radially.

(2) There is no single theta function which works for all (: i.e., for every theta function 6(q) there is some root of unity
for which f(q) — 0(q) is unbounded as q — { radially.

He then provided a long list of ‘third order,” “fifth order,” and ‘seventh order’ mock theta functions together with identities
satisfied by them. Further identities can be found in Ramanujan’s lost notebook [RA]. In his lost notebook [RA, p. 9],

Ramanujan also gave a list of eight identities involving the following four Ramanujan’s tenth order mock theta functions:

0 n(n+l)/2 0 (n+1)(n+2)/2
o(q) = )

nZ:C; (q q )n+l nZ:(; (q q )n+1
X@ =< (DA™ and y(q) = D9

nz(; ( q Q)Zn nzz(; ( q Q)2n+l
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n—1
Where (a; q)n := H(l— aq™)
m=0

The seventh and eighth identities of Ramanujan’s identities each expresses a combination of ¢(q), y(q), and a definite
integral. The main purpose of this paper is to prove Ramanujan’s seventh and eighth identities. The first six of
Ramanujan’s identities were proved by the author [C1], [C2], [C3]. The seventh and eighth identities are
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G. N. Watson [WG] also provided several third order mock theta function identities which include the definite integral.
Those identities are derived from the generalized Lambert series for the third order mock theta functions by using
Cauchy’s theorem.

We first need to define a few notations. Throughout the paper, summation indices run through all integers, or through all
integers satisfying the conditions listed under the summation sign.

Notation..
For a complex number q with | g |< 1 and | bc |< 1, set

(;q)0=] [A-aq™)

m=0

And
(1.3) f(b,c):= bii/2giti2
>

We can easily verify the following identity
(14) (@%q),, =(@%0a°).(a%a;q%)., =(-a ;). (a ;9).(a°q %),
Note that
(1.5) D piUEeIUD2 = (py:be), (—c;be),, (be; be),,

i
Is called the Jacobi triple product identity and

2 .

(1.6) f(-a.9%) =(a;q),,
is called Euler’s pentagonal number theorem [B1, p. 36]. In [C1], the author derived the following results:
(1.7)

o) f(-z,-2'9°) =L (-a,2) +a,(q) f (-z,-2'9"°) + 20A(zq %, 0, 9°)

Page | 163
Paper Publications




ISSN 2350-1022

International Journal of Recent Research in Mathematics Computer Science and Information Technology
Vol. 2, Issue 1, pp: (162-190), Month: April 2015 — September 2015, Available at: www.paperpublications.org

And
(1.8)
#(@) f(~z,—z7'9"°) = L,(—q,2) +a,(q) f (~z,—z7'9"°) + 20A(za*,9%,9°)

Where
(1.9)
1” 5n2+5n n+1
L(a -2y CA 2
(1.10)

(_1)n q5n2+5n—lzn+1

LZ(_q’ Z)ZZZ 1 1001 ,

n - q 7
(1.11)
Azxa)=—E D@50, F (-2 -2 X q)
h f(—q,—q)f(_x,_x—lq )f(—Zq’_Z q )
(1.12)
o (q) = 9@ 9°) . (4% q°) .. f(-9*%-q°)
f(-a:;-9)f(-a*-a")
And
(1.13)

(=9°-9°) .(a";9") ., f (=0*-0")
f(q;-9")f(-a*-9°) ’
f(-q.,-9") (" q°) = f(-9*,—9°) f (-4°.-q")—af (-9 ,—4°) f (-0*,—a").
f(-a*-9°)f(-9°,—q")* f (-q*,—q")
= f(-q,-9°) f(-0*,—¢°)* f (=°,—q") f (-q",-a°) f (=", ") /(q",q")’,,
B i C e 0 P G 0 P o P C L 0 P
f(a,-9")f(-9",—q") f(a°,9°)* f(-9%,—q°)
_f(=d’,-d) f(@,q9°) f(@*q°)
f(-9*,-9")f(a°.q")
qf (-a ,—9°)* f (=9*,-9") (9", —q°)
= f(-0*,—9°)* f (-¢°,—9") f (-¢°,—9") - f (-9 ,.—9°) f (-&°,—q") F (-0, 0°)°
f(-q,-9°)f(-q*,—a°)
f(-q.,-9°)f(-a*,—a°)f(-q ,-9") f (a’.0°)
=2f(-q ,—9°) f(-0*,—a") F (-a*,—0°)* = F (=9*,—°)* f (-0°,—a") F (-0°, ")
f(-q.,-9°)f(-0*,—°) f (-&°.—q") F (-q*,—a°)* f (-0°,-0°) / (4°,9""),.,
These two identities (1.7) and (1.8) show that two tenth order mock theta functions can be expressed in terms of

generalized Lambert series and theta functions. D. Hickerson [H1], [H2] derived similar results for fifth and seventh order
mock theta functions, and G. E. Andrews and Hickerson [AH] derived similar results for sixth order mock theta functions.

a,(q)=-—

,qlo,q4’q’q5’q3
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The author [C2] also derived similar results for the other tenth order mock theta funcions X(q) and x(q). We will prove
(1.1) and (1.2) with (1.7), (1.8), and the transformation formula for the definite integral [ML] which is provided by L. J.
Mordell. In [ML, p. 333], Mordell provided the following formula related to the definite integral:

(1.14)
° e”i“)ﬂz”xf dt = gi(¢*0+20x20) FI(x+0w)/ o,—1] o] +ioF (X + 0w, ©)
. e27rt _ eZmB a)&ll(x + 0(0, a))
Where

=€ with 1(w)>0,

m m+m+1/4 (2m+1) 7ix

-1
(1.15) |F(X C()) Z( 1+q2m+1

And
(1.16) i‘911(X’ a)) — Z( _1)m qm2+m+1/4e(2m+1);zix .

In Section 2, we prove nine theta function identities. Six of them are proved by using properties of modular forms. In
Section 3, using (1.14), we derive an identity which shows that the definite integral in (1.1) can be expressed by F(x, ®)

and 911 (X, ®). Then, applying the generalized Lambert series (1.9) and (1.10), and the two identities (1.7) and (1.8) to the

identity, we find that the definite integral in (1.1) is represented by ¢(q), w(q), and theta functions. Simplifying the sum of
theta functions by using the identities in Section 2, we complete the proof of (1.1). In Section 4, we will also prove
Ramanujan’s eighth identity by methods similar to those in Section 3.

2. PROOFS OF THETA FUNCTION IDENTITIES

In this section, we will prove nine theta function identities. To prove first three identities, we need the next three
theorems.

Theorem 2.1. For 0 < |q| <1, x=0,y=0,

f(—x,—x"q) f(—y,—y"a) = f (xy, (xy) ™" 0*) f (x'ya, xy™q)

—xf (xyq, (xy) ") f (XY, xy 'q”%)
Proof:  See Theorem (1.1) in [H1:p:643]

Theorem 2.2.. For 0<|q| <1, anda, b, ¢, and d are nonzero complex numbers, then

0= af (~ab,~(ab) *a) F (-2, -2 ) f (-ed, ~(ed) ') F (- 5, -Sa)

+f (-be, ~(00) “a) (-2, 2a)  (~ad, ~(ad) ") F (- 2~ )
rof (-ac,~(20) @) F (-2, - Sa)  (-bd, (o) "0) f (0~ )

Proof. See Theorem (3.5) in [C1, p. 545].
Theorem 2.3. If ab = cd, then
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(i) f(a, b)f(c, d) + f(—a, —b)f(—c, —d)=2f(ac, bd)f(ad, bc)
And

(ii) f(a, b)f(c, d) — f(—a, —b)f(—c, —d)=2af(9 , Eabcd)f(E , d abcd).
c b d b

Proof. See Entry 29 in [B1, p. 45].
Theorem 2.4. If |q| <1then,

(-9%-9°) .(a%0°) . f(=9%—0°) . _(=9°%—0°)°.(a";q")’,

2 3 2 8 2q 5 5\2 4 6
f(—=9%5-9°) f(-a°;—-q°) f(9%0) f(-a"-a)
_f(=q9;-9°) f(@’q") f(a%a°)
f(—9*-0°)f(q ;0°)

Proof. Replacing g, x, and y by q5 ,-q, and q2 , respectively, in Theorem 2.1, we

find that
1 f(@,9)f(0*-a°)=f(-a’,-a") f (9", ") +af (-9 ,—0") F (0", —a").
Replacing q, a, b, ¢, and d by q10 , q3 , q2 , q5 , and q, respectively, in Theorem 2.2,

We find that
(2.2)

f(-a*,—a") f (-a’,—a")* f (-a",—q")

=f(-q,-9") F(-a", ")’ f (-¢*,~a") +af (-a ,—9°) F (-0*,—")* T (-4°,—q").
Multiplying both sides of (2.1) by f (—0°,—0°) f(—q% —q"). and using (2.2), we find that
(2.3)
f(-a*—-a")f(-a>,-a") f(a,a")f(-a*, ")
=f(-q,-9")f(-9",—9")* f (0", —") +20f (-q ,—¢°) f (-4, —4")* f (=", —q").
Now, dividing both sides of (2.3) by

f(-q,-9°)f(-a*,—9°)* f (=a°,~a")  (=q",~a") f (=", ~") / (", q")’,,

Using (1.4), and replacing g by -g, we complete the proof of theorem.

Theorem 2.5. If |q| <1then,

(=0%-9) .(@":9”) . f (9" —9") ,(9%-9)°.@"9")
fa.,-a")f(-q"—") f(a®,0°)° f(-a°,—q°)

_fa’—a") f@.9) f(a.q")
f-a*,-a") f(a’.a")
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Proof. Replacing g, x, and y by q5 , g, and - q3 , respectively, in Theorem 2.1, we find that
@4 f(-a,-9)f@"a)=f(q",—a")f(-a’,—9")~af (-a ,—a°) f (-0*,—0").
Replacing q, a, b, ¢, and d by qlo, q“, a, q5, q3, respectively , in Theorem 2.2

and dividing both sides of Theorem 2.2 by g, we find that
(2.5)

of (-a ,—a°)* f (-a",—") F (0", ")
= (9", —")* f (-0’0 f (=", —a") - f (-9 ,—") F (0", —a") F (=a", —a°)".

Multiplying both sides of (2.4)by f(—q ,—q°) f(—q",—q®) . and using (2.5), we find that
(2.6)

f(-a.-0")f(-a",-a") f(-q ,—a") F (0. 0")

=2f(-q,-9") (-0’ —a") f (=", -0")" - f (0", -a")* f (-0’,—a") F (-0°, ")
Now, dividing both sides of (2.6) by

f(-a.-0")f(-a",-a") F (-a’.—a") F (0", —a°)* (0", —0") / (4, 4"°)’..,

Using (1.4), and replacing q by -q, we complete the proof of theorem.
Theorem 2.6 . If |q| <1then

f(-g"°,-9)f(9®,9*)+q’f (-9°,.—q%) T (9,9%)
+f(=9*,—9*) f(q”,9%)-q" f (-9°,—9®) f (4", ¢9™) -
9’ f(-9*,-0®)f(a*.9")-q"f (-9",—9*) f (9°,q®)
@27 =21 (9", —q*) f (=", —q").
Proof. Letab = cd = 50 in Theorem 2.3. Replacing aand ¢ by —™>and Q>

respectively, in Theorem 2.3 (i), we find that
8 f(-q*,-0*)f(a®,0®) +f(-9*.-9®) f(0".4®) =21 (9", —q")".
Replacing a and c by —q5 and q25 , respectively, in Theorem 2.3 (ii), we find that
f(=a%,-a®)f(@®.0™) - F(-0®,—a™) F(0",q) =29°F (-4, —9™)".
Replacing a and ¢ by - q5 and q15 respectively, in Theorem 2.3 (i), we find that
(2.10)
f(=o”,—a®)f (@, a™)+ f (-9*,-a™) F (@, 4®) =2 (9™, —4™)  (-4®, —0%) .
Thus, by (2.8), (2.9), and (2.10), the left side of (2.7) equals
=21(-0",—0%)" —20°f (-9, —0™)* 20" f (-9, —9”)  (-4®, ).
Now, in [B2, p. 191], we find that, for |X| <1,

f(xA; XIAY(xB, x/B)= f (X°A’B,x’A?B™)f (x’A™B?,x’A B?)
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+xBf (X’ A°B,x*A?B™) f (xX*’A'B?,x AB™?)
+xBf (x'A’B,x’A?B ) f(x A'B?,x AB?)
+XxAf (X°A’B,x A°B™) f (x*A™'B%, x’A B?)
+xAf (x A’B,x°A°B ) f (x’A'B?, x*A B?)

(2.11)

Multiplying both sides of (2.11) by 2, and replacing x, A, and B by —qlo, qsand qu
Respectively, in (2.11), we find that

2f(-9",-0") f (-0°,-0")

—of (_q4o,_qeo)2 _2q8 f (_qzo’ _qso)z _ 2C|4 f (_qzo’ _qso) f (_q4o’ _qeo)
Thus, we have completed the proof of this theorem.

We will prove six eta-function identities by using the properties of modular forms.
Defnition of the Dedekind eta-function.

Let H={z:Imz>0}.Forz eH ,q=e*" and any positive integer n, define

minz

(212) n(nz):=mm=e2 [ [L-€"™)=0*(@",q")..=9*f(-q",—4"").
m=1
Definition of the generalized Dedekind eta-function.
Let H={z:Imz>0}.Forz eH
, 0 =e*™ and any positive integer n and m, define

ﬂn’m(Z) = 77n’m :eniP (F]nl ﬁ (1_e2;;ikz) ﬁ (1_e27zikZ)
k=1

k=1

k=m(modn) k;m(mod n)
ATk A —a" ™)
(@":a"),
In this paper, we only consider the cases with M= 0(modn) for 7, .
I . : : . az+b
Definition of the modular group. The modular group is the set of linear fractional transformations T,T (Z) = g’
CZ+

where a, b, ¢, and d are rational integers such that ad — cd = 1. The modular group is denoted by T(1). Let Tl(N) , Where

az+b

N is a positive integer, be the set of linear factional transformations U,U (Z) = where a, b, ¢, and d are rational

integers such thatad —bc =1, ¢ =0 (mod N), and a=d =1 (mod N).

Clearly T,(N) is a subgroup of T(1).
Definition of a fundamental region. Let T be a subgroup of T(1). A fundamental region for T is an open subset R of H
such that (a) for any two distinct points Z;,Z, in R, thereisno T €T suchthat T (Z) =1z, forsome T €T.
Definition of a standard fundamental region. Let T be a subgroup of T (1) with cosets Ai’ AZ, v Aj in the sense that
T(1) =UZTA. Then
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U
R= l_Jl A . (a fundamental region for T(1))
i=

is called a standard fundamental region for T.

Definition of a cusp. Let R be a fundamental region of T. A parabolic cusp of T in R is any real point q, or g= 20, such

that (] € R, the closure of R in the topology of the Riemann sphere.

Definition of a modular form of weight, r. Let r be a real number. A function F(z), defined and meromorphic in H, is
said to be a modular form of weight r with respect to, T, with multiplier system v, if

(a) F(Z) satisfied F(Mz)=v(M)(cz+d)r F(Z) forany zeH and M €T,

(b) there exists a standard fundamental region R such that F (Z) has at most finitely many poles in RAH and

() F (Z) is meromorphic at q; for each cusp g; in R

The multiplier system V:V(M) for the group T is a complex-valued function of absolute value 1 satisfying the

equation.

V(MM, )(c, +d3) v(M, )v(M,)(M,, +d,) (c,, +d, )’

For M;,M, € T, where

M (Z):MM (Z):L—i_bzandlvl (Z)=(M M )(Z):M
' Cy, +d1 ? 22+d2 8 e C32+d3

Let {T, r,v} denote the space of modular forms of weight r and multiplier system v on T, where T is a subgroup of T(1) of
finite index.

Let or d (f;z) denote the invariant order of a modular form f at z. Let Ord, ( f; Z) denote the order of f with respectto T,

1
defined by Ord, ( f: Z) ==ord ( f: Z), where | isthe order of f at Z as a fixed point of T.
e

Theorem 2.7. The Dedekind eta-function n(z) is a modular form of weight %2 on the full modular group T(1).

Proof. See Theorem 10 in [KM, p.43].

Theorem 2.8. The multiplier system V, of the modular from n(z) is given by the following formula : for each
a b

M = T(l),
c d

m ;24( Feledr it ¢ s odd,

C ac(l—d )+d(b ¢)-

Vn(M): I §24

\d\ |f d is odd and either c>0or d< 0,

+dbc+3d 1

424( el |fd|sodd c<0,d <0,

Page | 169
Paper Publications




ISSN 2350-1022

International Journal of Recent Research in Mathematics Computer Science and Information Technology
Vol. 2, Issue 1, pp: (162-190), Month: April 2015 — September 2015, Available at: www.paperpublications.org

where 4’24 is a primitive 24™ root of unity.
Proof. See Theorem 2 in [KM, p. 51].
Theorem 2.9 (The valence formula). If f e {T, I’,V} and f = 0,then

> ord, (f;z)=ur,

zeR
: ) 1
Where R is an fundamental region for T, and u = E[T (1) :T]

Proof. See Theorem 4.1.4in [RR].

A

a b
[C dj eT, ( N ) + Gy is a primitive 24™ root of unity, and

2n c/m ac{1-d?)/m, +d (mb—c/m, )+3(d -
V(A)=1_[(|TIIJ424(ld Jim(m-cim) 303

i=1
Proof. See Lemma 2.2.4in [C3].

1
Lemma 2.11. For a positive integer n, [T(l):Tl(n)]=n2| I(l_Fj’ where the product is over all primes p
p/n

dividing n.

Proof. See Lemma 2.6.5 in [C2].

Theorem 2.12. For ze H, let f (Z)Zz H n,:"nrq (Z), where r. - are integers.

n,m
n/N
O<m<n

If Z nk, (%jl}hm =0 (mod 2) and Z %Pz (O)Fn'm =0 (mod 2), then f(Z)e{Tl(N),OI}, where for

n/N n/N
O0<m<n 0<m<n

ab
M= T(N),I(M)=1,
23 Jenonaom)
Proof. See Theorem 3 in [RS, p. 126].

Theorem 2.13. For Zze H

18,4
n50 n10,2n10,3n20,4n100,50

2
X (_ n50,5 r]50,10 n50,15 I']50, 25 n100,40 + n50,5 n50,10 I’]50,15 r]50,20 I']50, 25 r]100 ,40
2 2

2
_n50,15 n50,20 r]50,25 nlOO,ZO + 2n50,5 r]50,15 n50,20 n50,25 n100,40
2 2 2 2
—2 n50,5 r]50,20 r'150 ,25 n100,30 n.l.00,40 + r]50,5 If'150,15 r'150,20 I’]100,40 r]100,50 )
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2,16 2 4 2 2 9
(2.14) = MoMiooMio,1Mo,2M20,8Ms0.10M50.15M50,20 60,25 Moo 50

Proof. Forl<i<7,let 1‘i1 is the product of 18 eta-functions in each of the 7 products in (2.14), and gil be the product
of the generalized eta-functions in each of the 7 products in (2.14). Each fil is the product of 18 eta-functions, and by

Theorem 2.10 and a straightforward calculation, each f,' is a modular form of weight 9 on T,(300) with the multiplier

2n

c/m —d?)/my +d(mb—c/m; )+3(d .

system V; where for VZ(A)ZH(W](;:@ Y (m-cim)-3 1). By Theorem 2.12 and a straightforward
i-1

calculation, each @i is a modular form of weight 0 on T,(300) with the multiplier system 1. Therefore, each f;'g; isa

modular form of weight 9 on T,(300) with multiplier V;. By Theorem 2.11, [T D:T (300)] =57600 Let F

denote the difference of the left and right sides of (2.14). Applying Theorem 2.9 (the valence formula), for a fundamental
region R for T,(300) , we deduce that, for F,

(215) D 0rd; o (Fiz)= 9.57600

zeR

= 43200>0rd (F;;0),

Since both sides of (2.14) are analytic on R. Using Mathematica, we calculated the Taylor series of F1 is a constant, we
have a contradiction to (2.15). We have thus completed the proof of Theorem 2.13.

Theorem 2.14. For ze H
18 16
n50n10,ln10,2n20,6n20,8n100,50

2
X (_ n50,5 nSO,lO r150,15 n50,20 n50, 25 n100,50 + n50,5 n50,15 n50, 20 I‘]50, 25 n100,20
2 2 2
- rl50,5 r150,10 r]50,25 r.]lOO, 20 2 r]50,5 n50,10 I‘]50,15 r]50,25 n100,20

2 2 2 2
-2 I‘]50,10 n50 n15, 25 nlOO,lO nlOO, 20 + n50,5 n50,10 n50 15 nlOO,ZO r]100,50 )
9

(2-16) = n120nllgonllg,2n120,3n20,4n50,5n§0,10n50,20n50,25n100,50

Proof. Forl11<i<7,let fi2 be the product of eta-functions in each of the 7 products in (2.16), and gi2 be the product
of the generated eta-functions in each of the 7 products in (2.16). Each fi2 is the product of 18 eta-functions, and by
Theorem 2.10 and a straightforward calculation, each fi2 is a modular form of weight 9 on T, (300) with the multiplier

system V, where for

ic(a—ad 2 g )+12bd +3(d-1)

A= [a bj el (3OO)V2 (A) =Ca
c d

By Theorem 2.12 and a straight forward calculation, each g7 is a modular from of weight 0 on T,(300) with the

multiplier system 1. Therefore, each f,”g’ is a modular form of weight 9 on T,(300) with multiplier system V,. Let

F, denote the difference of the left and right sides of (2.16). Applying Theorem 2.9, for a fundamental region R for

T,(300) , we deduce that, for F,,

(2.17) 2.0rd; o (F; 2)

zeR

_ 957600 _ 43200>0rd (F,; o),
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Since both sides of (2.16) are analytic on R. Using Mathematica, we calculated the Taylor series of F2 about g=0 (or

about the cusp z=00) and found that F,=0 F, = 0(q43201) . Unless F, is a constant, we have a contradiction to (2.6).

We have therefore completed the proof of Theorem 2.14.
Theorem 2.15. For ze H ,

(2.18)
2,2 10 3
n5 n100n5 ,lnG,l
3 3 2 2 2
X(_n50,5 n50,10 r1100,40 nlOO,SO + n50,15 n50,20 nlOO,ZO nlOO,SO - 3n50,10n50,20n100,25

— N2 n2 K103 L2 2 2 2
- r-]20 r.IZSnS,lnG,lﬂZS,Sr]25,5 r-]50,10 r.150,20

Proof. For 1<i<4, let f> be the product of eta-functions in each of the 4 products in (2.18), and g be the product of
the generalized eta-functions in each of the 4 products in (2.18). Each gi3 is the product of 14 eta-functions, and by
Theorem 2.10 and a straightforward calculation, each g is a modular form of weight 2 on T, (300) with the multiplier

system V,, where for

A [a bj T, (300)\/3 (A) _ jc(a—adz—d)+18bd+3(d—1)

c d
By Theorem 2.12 and a straightforward calculation, each gf’ is a modular form of weight 0 on T,(300) with the
multiplier system 1. Therefore, each fig’gi3 is a modular from of weight 2 onT,(300) with multiplier system V,. Let
F, denote the difference of the left and rights sides of (2.18). Applying Theorem 2.9, for a fundamental region R for
T,(300), we deduce that, for F;,
(2.19) 2.0rd; o (Fsi2)= @ =9600>0rd (Fy;0),

zeR
Since both sides of (2.18) are analytic on R. Using Mathematica, we calculated the Taylor series of F3 aboutq =0 (or
about the cusp z = ©0) and found that F, = O(q%m) . Unless |, is a constant, we have a contradiction to (2.19). We

have thus completed the proof of Theorem 2.15.

Theorem 2.16. For Ze H ,
(2.20)

212 A2 A3
n4 n50n10,ln].0,2n10,3n20,2
X(n50,5n50,15 n50,25nlOO,50 + n50,5n50,15n50,25 n.LOO,3O - n50,5n50,15n50,25n100,10

2 2 2 2
_n50,5n50,15n100,50 - n50,5n50,25n100,30 + 2n50,5nSO,25r]100,30 - n50,15n50,25n100,10)

24203 13 [3 3
= r-]10r120r.|10,lr]10,2nZO,4nZO,8nSO,SnSO,lOnSO,ZS
Proof. For 1<i<8, let fi4 be the product of eta-functions in each of the 8 products in (2.20), and gi4 be the product of

the generalized eta-functions in each of the 8 products in (2.20). Each fi4 is the product of 4 eta-functions, and by
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Theorem 2.10 and a straightforward calculation, each f,* is a modular form of weight 2 on T,(300) with the multiplier
system V,, where for

3 2 d)+ +3(d-
A=[i 3]61-1 (300)V4(A): zs?c(a—ad d)+12bd+3(d 1).

By Theorem 2.12 and a straightforward calculation, each @;' is a modular form of weight 0 on T,(300) with the
multiplier system 1. Therefore, each f,*g.’ is a modular from of weight 2 onT,(300) with multiplier system V,. Let
F4 denote the difference of the left and rights sides of (2.20). Applying Theorem 2.9, for a fundamental region R for
T,(300) , we deduce that, for F,,

(2.21) 2.0rd, 500 (Fii2) = % =9600>0rd ( F,;0),

zeR

Since both sides of (2.20) are analytic on R. Using Mathematica, we calculated the Taylor series of F4 aboutq =0 (or

9601 )

about the cusp z = 00) and found that F4 = O(q . Unless F4 is a constant, we have a contradiction to (2.21). We

have thus completed the proof of Theorem 2.16.
Theorem 2.17.For Zze H ,

(2.22)

8ndn N N2 N e oMo o N o N

r.|10 20 50,ln10,4 20,4" '20,8" 50,5 '50,15" "50,25" "200,50" 200,100
X(nlo,anO,J.OnSO,lO r1100,40 - 4n10,3n20,2n50,10n100,40

+n10,ln20,10n50,20 r1100,20 + 6r"10,3“20,2rlSO,ZO r"100,20)

2
—4 r]10,1 r-]10,4 n20,4 n20,8 n40,10 r]50,5 r]50,10 r-]50,15 r]50,20 r-\50,25 n200,100
8 13 2 2 10 3
0 nlO n20 n50 I’1100 n10,lr]50,10 r150, 20 + nlO nZO r1100 n10,3n20, 2 IN'ZO,lO )
_— 8 n3
- nlO n20 nSO n50,5 n50,10 n50,15 n50,20 r.]100,50 n200,50 rlZOO,lOO

3 2 2 3 2
><(nlO,anO,(ir'|20,i3r]20,10 - 4n10,1r110,3nlO,4r120,2|'120,5r]20,8 - n10,3n20,2n20,4n20,10)

8 13
+ nlO r]20 n50 n50,5 n50,10 r]50, 20 n50, 25 r]100,30 n200,50 n200,100

3 2 2 3 2
><(2r110,1r]20,6nZO,SnZO,lO + 2n10,ln10,3n10,4n20,2n20,5n20,8 + 3nlO,3nZO,2r]20,4nZO,10

8 1n3
- nlO n20 n50 rl50,10 n50,15 n50, 20 r]50, 25 nlOO,lO rl200,50 n200,100

3 2 2 3 2
><("f))nlO,anO,GnZO,SnZO,lO - 2n10,ln10,3n10,4n20,2n20,5n20,8 + 2n10,3n20,2n20,4n20,10)

Proof. For 1<i<15, let fi5 be the product of eta-functions in each of the 15 products in (2.22), and gi5 be the product
of the generalized eta-functions in each of the 15 products in (2.22). Each fi5 is the product of 12 eta-functions, and by
Theorem 2.10 and a straightforward calculation, each f,” is a modular form of weight 6 on T, (200) with the multiplier

system Vg, where for

10 | -2 cfa-ad?-d)+2200+3(d-1)

a b
A:(C OI]eTl(ZOO)VS(A): m 100
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By Theorem 2.12 and a straightforward calculation, each @ is a modular form of weight 0 on T,(200) with the

multiplier system 1. Therefore, each f,>g; is a modular from of weight 6 onT,(200) with multiplier system V. By
Theorem 2.11, [T ®:T (200)] = 28800 Let F; denote the difference of the left and rights sides of (2.22). Applying
Theorem 2.9, for a fundamental region R for T, (200), we deduce that, for F;,

(2.23) 2.0rd; 5 (Fs; 2) :@ =14400>0rd (F;; ),

zeR

Since both sides of (2.22) are analytic on R. Using Mathematica, we calculated the Taylor series of F5 aboutq =0 (or

about the cusp z = 0) and found that F; = 0(q14401)

. Unless F5 is a constant, we have a contradiction to (2.23). We

have thus completed the proof of Theorem 2.17.

Theorem 2.18. For Zze H ,

(2.24)

8 13 L3 2 2
nlO n20 nSO r]10,1 n20,4 r‘20,6 r]20 8 r]50,15 n50, 25 r1200,50 n200,100

X(n10,1n20,10 n50,10 n100,40 - n10,1n20,10n50,20 n100,20 - 2n10,3n20,2n50,20n100,20)

+4n,.nnZ n NN N2 N N2 NS N N Nes Moo N
nlO 20" '50 100n].0,1 10,3" '20,2" "20,4" '20,6" "20,8" "20,8" '40,10" '50,5" '50,10" '50,15" '50,20
2

XMyp0 25200100

8.3 .3

- n10 n20 n50 n50,10 r']50,20 r]200,50 n200,100

3 2 3 2
><(nlO,lnzo,G r]20,8 n20,10 r]50,5r]50,15 n100,50 + n10,3n20,2 n20,4n20,10 n50,5 n50,15 r']50,100

_nfO,SnZO,Zn§0,4n20,10n50,5n50,25n100,30 - nfO,anO,Gn220,8n20,10n50,15n50,25nlOO,lO
+2n10,1n10,3n20,2n20,5n20,6n20,8n50,15n50,25n].00,10)

Proof. For 1<i<10, let fi6 be the product of eta-functions in each of the 10 products in (2.24), and gi6 be the product
of the generalized eta-functions in each of the 10 products in (2.24). Each fi6 is the product of 14 eta-functions, and by
Theorem 2.10 and a straightforward calculation, each fi6 is a modular form of weight 7 on T,(200) with the multiplier
system V, where for

1 2_d )+2bd +3(d—
A:(i gjeTl(zoo)VG(A):{ﬁj;ﬁPc(aad d)+2bd +3(d 1).

By Theorem 2.12 and a straightforward calculation, each gi6 is a modular form of weight 0 on T,(200) with the
multiplier system 1. Therefore, each f,°g° is a modular from of weight 7 on T,(200) with multiplier system V. Let
Fs denote the difference of the left and rights sides of (2.24). Applying Theorem 2.9, for a fundamental region R for
T,(200), we deduce that, for F;,

7.28800
(2.25) 2.0rd; ) (Fii2) =———

zeR

=16800>0rd ( Fy; ),
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Since both sides of (2.24) are analytic on R. Using Mathematica, we calculated the Taylor series of F6 about g =0 (or

16801 )

about the cusp z = o) and found that F, = O(q . Unless F is a constant, we have a contradiction to (2.25). We

have thus completed the proof of Theorem 2.18.

We have proved six eta-function identities with the properties of modular forms. In the next step, we will derive six theta
function identities from the eta-function identities above.

Theorem 2.19. For |q| <1,
(2.26)

) 45) f _q4o q )(qso;qso) ( q100 quO)OO
—2q f (_q15 _q35 f (_qlo’_qgo) f ( qzo _qso)
f(—qs,—q“s 2 f qeo)( qso.q50)3
+ f(_q25 qzs f _

Proof. By applying MyysNi =N to the right side of (2.14), dividing both sides of (2.14) by

451
q® Neg Mo 2Mio, 3o, 2Mao,aMeg 100 150, 20Ns0,25 / My @nd applying (2.12) and (2.13) , we derive (2.26) from (2.14)

Theorem 2.20. For |q| <1,
(2.27)

_J’(—q“‘,—q&r’) f (_qgo’_qso)f (_qso,_qso)(qu (_qlo,—q4°)—q4f (_qzo’_qSO))

f (_q4o’_q4o )2
g% _
_W(qsf (_qs’_q45) f (—q4°,—q6°)+2q4f (—qls,—q35) f (_qzo’_qao))

i f(_qls’_qss)z f(_qzo’_qso)(qso;q ) ( q qIOO)

2q f(-a*—q") f (g%, —a") f (-9, ~q®)
. f( q°, ) ( 97 a )( ")
f(~®, %)t ( -q”)f ( a°)f(-a".-a)
f

_f (=) f(at-q)(a Q)( q")e

f(q,qg)f(q —0) £ (-a”, q)
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Proof. By applying Ny 50N 100 n100 to the right side of (2.16), dividing both sides of (2.16) by

589
q® NegN0 1M 2Mso 6Nz Moo sMso 10Meo 20Ms0,25 / Mo @nd applying (2.12) and (2.13) , we derive (2.27) from (2.16)

Theorem 2.21. For IF |q| <1
(2.28)
. f (—q5,—q45) f (_q101_q40) f (_q40,_q60) f (_qso’_qso)
(_qzo’_qso )2
f (_q15,_q35) f (_qzo’_qso) f (_qzo’_qso) f (_qso,_qso)
£ (_qlo’_q40 )2

q

+

2
5 15
=(~0.~a")
Proof. By applying Nyg 5N,510N,5 =Ny to the right side of (2.18), in Theorem 2.15, dividing both sides of (2.18) by

25

q4 nznéolng 1n50 10n50 oo and applying (2.12) and (2.13) , we derive (2.28) from (2.18)

Theorem 2.23. For IF |q| <1,
(2.29)
(00 (00 (5% 1 (060 (0°) ()
—q“f <q25’q25) f (_qs’_q45)_ f (q15’q35) f (_qzs’_qzs)
+20°1 (0,0 £ (-0, ~4*)-°f (¢°,0°) f (-0, ™)
_ f(—q ,—qg)(q“,q“)oo(qlo;qlo)
f(-a*-a") f (-o*, ")

Proof. We can easily derive that for any integers n,

100-2n )

2
50 ~50 2n
(0™, ) oof (™"
(2.30) 100 100 N 50N
(67,6 )ocf (0", -0*")
Now, applying  NyNy 4NNy =N, to the right side of (2.20), dividing both sides of (2.20) by

329
0% NZNg 10 5Nk sMao 2Meg 5Ny 15N 5 @nd applying (2.12) and (2.13) , and (2.30) with n replaced by 5, 15 and 25,

_f (qn’qSO—n)

repeatedly, we complete the Proof.
Theorem 2.23. IF |q| <1
(2.31)
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F(q®.a®) [f(_q ,—a’)(a*.a*)=(q";q* 2°°_4q4f(—q“.—qm)f(—qg,—qlz)J

(o) (- )

9 4 4 10. 10 )2
+q2f(q101q40 {f(_q »—d )(q g )Oo(q e ) OO+6q f(_q‘l’_qlﬁ)f(_qa’_qlz)J

(o) (- )

—4q° f (q507q150)[ f (—CI ,_q9)(q4’q4)oo(q10;q10 )2 e +gf (—q“,_qu) f (—(‘18,—(2112 )]

(o) T (0" ")

e LS o)
—q

f(-a®—a’) f(-a* - )f

e [T ) f (et —a) (ai0°) e (010 )

—4df (—9°,—q —q{ qf((; q)f( —q°, Q) (q qlzt; J
+qf (9'*.9% [Zf(_?(_q )qf7§f(z qzq. 31 )f? ‘2:)( ) ]

o (_qf,,_qls)zm[ Lo g o g L) ]

PR 8 12 10 ~10 20. 420
+q4f(q25,q25)[3f( a o) 1 (oo d)(a g )o(i >}

f (_qsy_q7) f (_q2'_q18) f(—qg*

(
—a® —a’ A4 16 10. ~10 20. 20
2qf (_qs,—q15)2+2q[f( @, —a’) f(-a’ )gq 1a*)oo(a*;q 00]

F(aa') f (o a) f (o)

Proof. applying nfonzonlo = nlzo,n20n20,4n20,8 =N, and NgyNgp 10 X N5y 59 = Ny t0 (2.22), dividing both sides of (2.22)
233
by q ° r]180n20r]10,1nlo,3n20,2n20,4 X Ny0,6M20,8M60,5s0,1060,15 50,20/ 50,25M200,50 200,200 @M @PPIYing (2.12) and (2.13) , and
(2.30) with n replaced by 5, 10, 15, 20 and 25, repeatedly, and with q and n replaced by q4 and q5°, respectively, we
derive (2.32) from (2.20)
Theorem 2.24
(2.32)
f(=4,—4°)(@" 4" (q"% q")%
f(=a*, =4 f(=q* —q'®)

oy A9 4, 4 10. 102
-q*f(q"° q*) (f( fCé'_qZ )_(375]?(1";26’_(;?8) ) +2qf (—q*—q"®)f (=45, —q“)>

(@, q*)

+4q7 f(q°°,q"*°)f (—=q*,—q"®) f (—q®, —q"?)
— £(q%5.475) <f(—q,—q")zf(—q*’,—q“)(qlo;ql")m(qz";qzo)oo
T4q f(=a%—q")f(—q% —q*®)f (—q*,—q*°)
f(_q3’ _q7)2f(_q4’ _q16)(q10; q10)m(q20; qZO)OO)
f(=4,—q°)f(—q®% —q**)f (—q® —q**)
 aps1s ss s 15w f(—q3,—q7)2f(—q4,—q16)(q1°;q“’)oo(qz";qz")oo)
TSt )<2f( T 3 g~V (4~ %, —a)

+q

Page | 177
Paper Publications




ISSN 2350-1022

International Journal of Recent Research in Mathematics Computer Science and Information Technology
Vol. 2, Issue 1, pp: (162-190), Month: April 2015 — September 2015, Available at: www.paperpublications.org

f(=4,—4")*f(=q% -0 (0% ') (@*°; 4**)
f(=q3—q))f(—q% —q*®)f(—q* —q*®)

—-q*f(q° q**) ( - 2qf(=¢°, —q“’)z)-
Proof. Applying
77%07120,10 = 7]%0171207740,10 = N10, N20M20,4M20,8 = Na,8Nd N507100,25 = M25 10 (2.24),

233
Dividing both sides of (2.24) by g6 n3120M30M10,1M10,3720,2M20,4 X M20,6M20,8M50,5M50,10M50,15M50,20"50,25M200,5071200,100+
and applying (2.12), (2.13), and (2.30) with n replaced by 5, 10, 15, 20 and 25, repeatedly, and with q and n replaced by g*
and q*°, respectively, we derive (2.32) from (2.24).

3. PROOF OF RAMANUJAN’S SEVENTH IDENTITY
In this section we will prove Ramanujan’s seventh identity, (1.1).
Theorem 3.1 (Ramanujan’s seventh tenth order mock theta function identity).
o o —TNX 1 = x
fo wdx + \/—Zesm,b(—e n)

coh\/_ 7

> +2\/— _?qj( e—nn) _ \/;\/-%1 e_%(l) (—e_Tn)_

Proof. Replacing w, x, t, and 0 by 5in, -5n, = + 1, and 0’ — i, respectively, in the left side of (1.14), we find that

TiwtZ-2mxt 5TN—271 —7rnz2

(3'1) f_"ooo eezm_ezm‘e dt = NS f 2nz dz.

e V5 — eZn:lB’

Replacing 8’ by g in (3.1), and using (1.14), we have

w  p-Tnz? B amn_ami p(2, —n) - 5nF(2in, 5in)

(B2 [ —m——dz=+5es s
—o0 2MZ @i 5inf11(2in, 5in)
eVs+e s

and Replacing 6’ byg in (3.1), and using (1.14), we have

omn _ 6mi F(Z,—) - 5nF(3in, 5in)
o e~ —--
(3.3) f s dz =+/5e s 5 ( n)
© 5in611(3in, 5in)
e\/—+e5

Using (3.2) and (3.3), we can easily derive that

co e—nnx 1 [ee) e—nnx
—dx —f —dx
_I(; cosh 2ﬂ+ 1+V5 2 2mx | 145

NG 2 ooCOShT‘FT
1 [® e 1 1
=_zf . . T 2LX+E._ 2nx =, dx
—o ST\ 4evs s 14+evF 5

2 2
1 —Ei ) e~ TINX —TTnx
= — n(e 5 f—oo 27X dx - es f 2nX 1. dx

2isin—
5 eVs +e” 5 e V5 +e5t

_ J5+/5 _ﬂs_n +1n F@ﬁ) — 5nF(2in, 5in) _ _% +21mn F(s Sn) — 5nF(3in, 5in)
T snvz € 011(2in, 5in) € 6,1(3in, 5in) '

(3.4)  Let ¢ = e~™. Then, using (1.15), (1.16), (1.3), (1.10) with q and z replaced by — q and q*, respectively, (1.8),

(1.11) with q, z, and x replaced by —q°, 1 and g? respectively, (1.13) with q replaced by — g, and Theorem 2.4, we can

derive that
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5+/5 (e_z_n*—nn FQ2in, 5in) e_%+ 2nn F(3in, 5in) )
2 611(2in, 5in) 6,1(3in, 5in)
—1yMgSmZ +9m+3 (—1)MgSm?+om+3

[ P s
5+y5 [ ZmT T T0m+s n mT | q10m+s
= — e 5

2 f(=a*-q% f(-qa*-q%)

5+~Fe—% La(q, a4
2 f(-q*-q%

f5+\/’ _mn (=a% -4°) o (a*% a*°) o f(-a*~q®) (-a% -a%)0 (a*% )
= 5 —_ — 2 o] o)
2 ¢ <¢( ) f(=4%.a3)f(-9%-q%) +2q f(a%.a)%f(-q*~q%)

[5+w _rn 5+\/— -2 f(-a-a®)r@® a")f a* a®)
(3.5) Fo-9) - f(-a*-q®)f(a.a°)

We now need to use the following transformation formula for 8,, in [ML, p. 330]:
(3.6) 911 (%,_%) = _l _i(l)eﬂ:ixz/wgll(x, (U).
Replacing x and w by 2in and 5in, respectively, in (3.6), we find that
. 4anm
(3.7) 011 (2,2) = —iv/Sne s 6y, (2in, 5in),
and replacing x and w by 3in and 5in, respectively, in (3.6), we find that
_onm
(3.8) 011 (5 . ) = —ivbne s 6;,(3in, 5in).

27'[1. 3mi

Letq, =e sn,a=¢es andf =e 5 = —a~L. Then, using (3.7), (3.8), (1.15), and (1.16), we find that
(3.9

L (m G d)  m S \_ B e

Vsn 611 (2in,5in) 611(3in,5in) 911(5 sn) 511(2 sln)
(_1)mqm2+m zm(1 q2m+1)
m ZmF1

1+q7

Zm(_l)mqm2+ma2
By (1.3), we easily reformulate the denominator of the right hand side of (3.9):
(3.10)

4

2 2 2
Z(_l)mqin +ma,2m — Z 0(2l Z(_l)m+lq125m +10ml+1“+5m+1
m

t=0 m

= (1_0»’8)f( fh '_Cho)_fh(a _056)f( ‘h :_fh )

Now, multiplying by 1 — gZ™*! + q™*2 — q¥™*3 + ¢¥™+* poth the numerator and the denominator of the numerator of
the right side of (3.9), we find that the numerator of the right side of (3.9) equals

(3.11)
(_1)qun2+ma2m

1 T { 2(q2m+1 qilm+2 + q16m+3 _ q18m+4) _ q110m+5}
+q;

IS

mtlg (5m+l)2+(5m+l) qlom+21

_ (=1
- 1 + q50m+101+5

t=0
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10m+21+1 20m+41+2 30m+61+3 40m+8l+4 50m+101+5
X {1-2(q; —q + g1 )—qi }

—q

We will transform some of the generalized Lambert series in (3.11) into L; and L, and we need the following
hypergeometric series from [GR, p. 128] to handle the other generalized Lambert series in (3.11):

In(—=a2;q)n(aq/b; Q)n(aq/c; On(aq/d; @)n(aq/e; @)n \bcde
(aq; Q) (aq/bc; 9) o (aq/bd; ) e (aq/be; @)oo (aq/cd; @) e (aq/ce; @)oo

B (aq/b; Q) w(aq/c; Q) (aq/d; @) ws(aq/e; Q) (q/b; Do/ ¢ Do (q/d; Q) o

(aq/de;q) o0 (39 0 (4/30) 0
3.12 X ,
( ) (a/e;9)o0(qa?/bcde;q) oo

Z (qa*’? q), (—aa"/?q), (b; n(c; Dn(d; Onle; Dn (qa2>
(a'/%;q

provided |ga?/bcde| < 1.

Replacing g, &, b, and ¢ by —q?#°, —q7,+/q7i and —/ g3, respectively, in (3.12), letting d and e tend to ©2, and using (1.3),
(1.5), and (2.30) with n replaced by 5, we find that

Z(_l)mq25m2+5m @™ f(-aiai)(—at .—qls) (@7% 47%)oo
! 14 g7om*s f(a,qt®)

_ f(-4i-at 45)2 £(—q 40, q50) £ (=50, ~q5°)(q1°0 g 100)

(3.13)
F(=a20-a30)F(~a2%-q20) 1 (~a3,~a]°)F (~a25 -a]%) "

Replacing g, a, b, and ¢ by —q?°, —q1°,/q1%i and —/qi°i, respectively, in (3.12), letting d and e tend to ©2, and using
(2.3), (1.5), and (2.30) with n replaced by 15, we find that

50m+15

Z( Jymg2sm? v1sm 1= @ _f(=at®, 4t (=477 =47 0 (07 47w
1+ qp0mHs f(ai® a3®)

_ £(=a3%-a3%)" £ (=a2°~a8°) £ (=a5°~a5) (a1°%.a1 ),
F(=a2°-a2°) 7 (~43°~a70)f (~a20,~q$0) f(—a2%~a]®)"

With Entry 8(vii) in [B1, p. 114], we find that

(3.15)

(3.14)

(- 1)m 25m2+15m

1 + q150m+15

=f(- CI1 :_fhs)z

Using (1.9), (1.10), (3.11), (3.13), (3.14), and (3.15), we find that
(3.16)

)m m2+m Zm(l _q12m+1)

Z —D™Mq" "
2m+1
~ 1+q;

= (1+a®)(q; L, (g7, q1°) — q{ L, (g7, 1) — q7*L1(q°, ¢*°) — 4*L,(q°, q*°))
+(a® 4+ a®)(q°L,1 (g% 1) + ¢°L2(q°,¢™) + ¢ *L1(q%, ¢*°) + qL2(q°, ¢*°))
—2a*(qL,(q% q*°) + qL,(q% q*°)

f(-a3.a3°)(-a%%-4%5) , (a3%43°)
f(q 4—5)

f(-a1%.a1%)(-a3%-4a3%) . (a5%a3°)
6)q2 — 15 ;5 e _2a4q6f(_q125'_q175)2-
r(ai®.a3®)

+(1+ a®)

—(@*+a

To proceed to the next step, we need the following result, which can be proved by a the simple calculation:
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.( 1-2a*+a®=1i ’%ﬁ(—a2+a6),
(3-17)4 —1-a’+a®—a®=i S_Z—Jg(l—ag)ori/sz—‘/g(—a2+a6)

5+\/_ S5 (1 _ ),

ta —2a*+ a®

Transforming L, and L, in the right side of (3.16) into the sums of  (q) and theta functions, and ¢ (q) and theta functions,
respectively, with (1.7) and (1.8), using (3.10) and (3.17) to simplify the terms related to ¢ (q) and w (q), using (1.11),
(1.12), and (1.13), replacing g by gq,in Theorem 2.19, Theorem 2.20, and Theorem 2.21, and applying Theorem 2.19,
Theorem 2.20, and Theorem 2.21, we find that the right side of (3.16) equals

(3.18)

Z( Lymquem gam

+(1 + a®)(—qra,(—47)f (—q1% —q1°) + 297 A(q3°, —q3, —
—2q12A(q7%% 41% —q?®) + a7 tay (—q?) f (—aq? .—q1°)+q1az( a2)f (=q1°,—q1°)

+f(—q1, q:°)(—qf .—qls) @%ai )oo>
f(‘h' q. )

+(a? + a®)(291°A(q7 ", =43, —a?®) — a3 ay(—q7) f (—q1°, —q1°)
—qi'a; (=) f (=%, —43°) + 247 A(q1° —a3, —a7°)—q1a,(—a3) f (=47, —43°)

(=0, 1) (=a?% —a%) (@3’ a7 )oo>
f(‘h "h )

+2a*q; (a3 (—=q7)f (—q1° —q1%) + a, (—a2) f (—q%°, —43°) — 243 f (—q2°, —q]°)*
2

qi P (—q7) +1i q1¢( q7)

—2q3A(q?°% q1°, —qt>)

+2q7A(q1°% q1° —q%°) — ¢*

_Chf( CI1 '_‘h

Z( gyt e / B ot q)+l/

f(=q1,—a0)*f(=a7, —q1)(@1% 41°) 0 (47% 47%)

f(—qf,—QZ)f(—ql.— 1Of(=at,—ai®)

f(=ai,—a))*f(—at, —a1®)(a1°% 41°) (7% 41w
f(—q, qg)f(_‘h'_ 14)f(_q1'_ q1 D)

+2atq,f(—q7, —q1>)>.

Therefore, by (3.9), (3.16), and (3.18), we derive

q1¢( qz7)

+(1+a®)

—(a? + a®q,

(3.19)
_YsHE [ e () _ e 5 +am F(3s)
5nv2 011(2in, 5in) 011(3in, 5in)
= Lgpean - D g g + -
\/—‘h ai NG 4 41 \/—n Zm(—l)mqinz*'mazm
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f(=q1,—a))*f (=af, —41*) (4% 41 (47% 47
f(_‘h3: _Q17)f(_‘hv _Q18)f(_‘hv _‘h )

F(-ad—al)’f(~a-a1%)(a1%a10) . (a2%a2)
f(—a1.-a3)r(-at.—ai*)r(-q8, qiz)

+2a*q,f (=47, —ai®)?).
To complete the proof of Theorem 3.1, we need the following identities. Using (1.3), we can derive that
Tm(—1)™ g™ My ?™ equals

X ((1 + a®)

—(a* + a®)q,

( (1 -yf(-at,—ai?)
' ify = e™/3,
(3.20) A =y®)f(=q% -a3") — ¢* = v®)aif(—qi° —qt®)
' ify = e™/5,
A +¥®f (% a3 — G2 +v9)a?f (4% at®) + 2v* a5 f(a7° a1°°)
ify = em/loory — en’31/10‘

and 3,,(—1D)™g™ y2™ equals

(f(=ai® —a) = * =y f(=ai% —4i®) + * +v*)aif (—a7, —ai*)

(3 21) lf)/ — em/sory — eZm‘/S,
' { f(at® at®) — > = v®aif (a1, a3 + ¢* —v®aif (a7, ai>)
lf)/ — em/loory — en3i/10.

Recall that g = e ™™ and q, = e_%. By (1.3), (1.16), and (3.6), we are able to derive the following four identities:

4—7171' T[ T[l

(f(—q,—qg) = —\/—._e 5 20m 102 (—D)mgm +meZm 3,
f(q.4°) = ﬁeTZm(—l)mqi’l e,
f(@*q) = J%en?n T (—1)mg 2™
g q%) =ew 3, (~1)mgm e ™ s

By (3.22), we find that

(3.23)

f(=a.-¢")f(@*q")f(q"q%) _ 1 _n wnon
f(q,q9%) 5n

(3.22)

4 mm2+m 2ms m,m? 2m3at m m?2 2m*
a* ¥m(-1)"qy e 10 m(=D™Mgqy" e 10 ¥ (-1D)™Mqy" e 5

L
Tm(-1)Mmq** > ™10

Recall that @ = e?™/5 and a® = 1. By (3.20), (3.21), Theorem 2.22 with g replaced by q,, and Theorem 2.6 with q
replaced by q,, the numerator of the right side of (3.23) equals

a*((1+ a®)f (2%, ¢8%) + (@ + a2 f (g% a°) + 2aq5f (45, 41°°))
x (F@2°,a7) + (@ + aauf (@489 + (o + a®)aif (af, )
x (F(=a25,—a2%) — (@® + @), f (~4i%, —4f%) + (a + a)qif (—a, —qi%))

= a*((1+ @) (g2, g% + (¢ + e f (g% %) + 2 f (5%, 4*0))
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f(=q1,—q9)(q%; a1) 0 (q1% g1
( f(l_qfl_qzl)f(l_qlz iqigl) —2(a® + a®)q. f (a1, —4i9)f (—qf, —q1?)
f(=a1-a9)(atat) o (415410

f(-a3~a])f(-a%-a1®)

= (a + a®f (7% ¢

+2q:f(q1°, i3°) f (—qi, —a1®) f (—qf, —q1i?)

2
f(-a1-a3)(at:at) o (a1%a1),,

f(-=a3~a])f(-a%.-a1?)

+(a® + a®)qif (1% q1%)

=22+ a+afqif(ai% ai)f (—at, —ai®)f (—aq3, —ai®)

F(~ar-ad)(atiad) , (al%al0)’
2 6 50' 150 00 00
teaif @i 4 ) T et

(B24)  —4(a*+a®)q]f(4:° q:°")f (—at, —ai®)f (a3, —aqi?).

Here, we easily calculate that & + a* = %J”/E,az + a3 = _1;‘@, and 2 +a+a* = 3’2—@ Now, let LS, = —; x the left
side of (2.31) with q replaced by q4, LS, = ? X the left side of (2.32) with g replaced by q,, RS; = —; X the right side of
(2.31) with g replaced by g, and RS, = g % the right side of (2.32) with q replaced by g;. Then, we easily verify that the

right side of (3.24) equals the sum of LS, and LS,. Therefore, we can say that the right side of (3.24) equals the sum of
RS; and RS,. Using (3.21), we can find that the sum of RS; and RS, equals

F(-q1-q° Zf —g8 —q12)(g10.410 20,20
(a + a)f (gl q7%) L O Lt el
f(-a}~a])f(-a%.~ai®)f(~at.-a1®)

+2q,f (g%, 42 f (—q5, —q1°)?

F(-a3-a])’ F(-at-at®)(al%al®) . (a2%a29).,
_(az +a3)Q1f(Q125'q125)  _ 9Nf(_6_14\r(_ .8 _ 12
f(~a1-a3)f(-a%-at*)f(-qa%.-q?)

e _9\2cr 8 12)(,10. 10 20, ,20
gy (qiS, g3 Ll Tt ot 01 Dot )
f(=ai-ai)f(-af-ai®)f(-at.-ai®)

+2(a? + a®)qif (a1 ) f (—a7, —q1°)?
20

f(=a}~a])* f(~at~a19)(a1%ai%) o (a3%a3°).
f(~a1,-a)f(~a$,-at*)f(-q8,—q}?)

—2Q2 + a + a®qif(qi% ¢3%)

2
f(=a1-47) F(-a8.—a1®)(a1%a1°) o (a3%43°) oo
f(-43-a])f (—a%-ai®)f(-at-a1®)

+2(a + a®qi f (a7, a1 f (—aq3, —q1°)?

L 0 f(~ai—al)’r(~at-a1%)(a1%a1)  (a3%a3),
f(=q1-a))f(-a6-a*)f(-4a8-q}?)

+2+a? +a®)qif (g7, qt%)

= a(f (@, a3%) + (& + € f (@, 65%) + (a + aatf (a5, 2%))

(st ag)f(—q1.—qi’)2f(—qf,—q%z)(tﬁo:q%o)w(qfo:qf")w
f(-ai~ai)f(-af~ai®)f(-at-a1®)

2
f(-d3-a]) " F(-a1-a1%)(a1%a1®)  (a3%a3%)
f(-q1-a3)r(-a$-q1*)r(-q8.-q1?)

—(a*+a®q,

+2a*q,f (=45, —q1°)%)
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=@ ) (—Dmgpte™™
m

w1 +a® F(~a1-a9)*F(~ad-a12)(a}%al®)  (a2%a2%).,
f(-43-a])f (—a%-ai®)r(-at.-a1®)
—(@® + a%)q f(=a3~al)’ F(~at~ai)(a1%ai%) , (a3%a3°).,
1 f(~q1.-a3)f(-a5,~ai*)f (-a5,~q}?)
(3.25) +2a*q,f(—q7,—q1°)?).

By (3.7), (1.3), and (1.16), we find that

(3.26) F(=q* —q®) = Zm(—l)qun;"'mzizm'

ivSna—le20n e 20

By (3.23), (3.24), (3.25), and (3.26), we find that
(3.27)

_ f5+«/_e-”?"f(-q.—q9)f(q3.q7)f(q4.q")
2 f(=q%-q%)f(q.q%)

_ 5+4y5 1 T N, 1 -~ nm
= — —e 20n 20{\/5na " tezon e 20
2 5n
2mi

4 m,mZ+m 2mli m,m2 Zani m,m2 2m=—g/
a* Y¥m(-1)"qq e” 105 (-1)Mqy" e” 10 Fn(-1D)™qq" e 5

X

2 i3
Em(-1)mg M M gzm s, (—1ymgm? e Mo

_ 5+V5 i
100 S (-1 FMma?m

y (1+ag)f(—ql.—q?)zf(—fff.—qiz)(4%0:4%")00(fI%":q%")w
f(-ai~a])r(-af~ai®)f (-at.-a1®)

r(=a3—a)’r(-at—a3%)(a3%a1®) o (43543,
f(-q1-a?)f (-a%.~ai*)f (-af.—ai?)
+2a*qif(—qi, —q1)?).
In conclusion, using (3.4), (3.5), (3.19), and (3.27), we see that we have completed the proof of Ramanujan's seventh
identity.

—(a*+a®q,

4. PROOF OF RAMANUJAN'S EIGHTH IDENTITY

In this section, we will prove the Ramanujan's eighth identity (1.2). The proof of eighth identity is similar to that of
seventh identity.

Theorem 4.1 (Ramanujan's eighth tenth order mock theta function identity).
o e—nnx2 1 = ™
JO —wgdx + \/—EGSHIIJ(—e n)

27X
cosh N3 + "

,5—\/5 m e V51 -n
=— > esyP(—e™) + N e 5n¢>(—en).

Proof. Replacing 6’ by§ in (3.1), and using (1.14), we find that
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1 i
5’5n

5inf1(in, 5in)

o mn_zmi
@1 7o 3mdz—\/_es (s

eV5+e 5

) 5nF(in, 5in)

Similarly, replacing 6’ by g in (3.1), and using (1.14), we find that

- 16mn _ 8mi F(——) — 5nF(4in, 5in)

4.2 dz =+/5e" 5 5 S5

( ) f o 2”2 3mi \/_ 5inf11(4in, 5in)
e V5 +e5

Using (4.1) and (4.2), we find that

2

o e—nnx 1 ©o e—r[nx
LT\E‘MZEI_ T m L 1w

cosh T+ " " "

1 [® e 1 1
=72 T\ T T e |
—olSIN=="\1 4 ¢7V5 1+evs 5

__ 5—+/5 e"fsn F(g 5) 5nF(in, 5in) 616;”1 F(, E)—SnF(4ln 5in)
5nv2 011 (in, 5in) 011(4in, 5in) ’

(3.4)  Let g = e™™. Then, using (1.15), (1.16), (1.3), (1.9) with q and z replaced by — q and g? respectively, (1.7),
(1.11) with g, z, and x replaced by —g°, 1 and — q, respectively, (1.12) with q replaced by — g, and Theorem 2.5, we can

derive that

5— \/_(e7m F(in, 5in) _e”?n+3n_-n F(4in, Sin))
2 611(in, 5in) 611 (4in, 5in)
_1ymgsmZ+7m+2 (—1yMgsmZ+7m+2

(
55 ”5_" Zm 1+ ql0m+5 n m 1+ ql0m+5
=— /—e
2 f(=q%-q%) f(=a*%-q®)

5-V5 B Li(a, 4%
2 f(-q?%—-q%)

5-y5 4°)(a*% q*%)  f(-a%—-q®) (—qs:—qs):o(q“’:q“’)io)

mn —g5 —
=——es(¢<—q>—q(‘" o e t2

f@a—a*)f(-q*-q°) f(a5,45)2%f(-q?%-q®)
’5 5— f an f( a%.-q)f(a.9°)7 (4% q®)
4.4 .
(44) e 1/)( D= f(-q%-q%)f (3 q7)

Replacing x and w by in and 5in, respectively, in (3.6), we find that
(4.5) 611 (2,5) = ~iv/5me s 01, (in, Sin).
Replacing x and w by 4in and 5in, respectively, in (3.6), we find that

(4.6) 911( ) —l\/_e 5 911(4m 5in).

47'[1.

Letg, =e Sn « =e5 and ' =es = —a'"1. Then, using (4.5), (4.6), (1.15), and (1.16), we find that
4.7
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(e ) ) ) )

° PEES
11\5 5n

\5n 011 (in,5in) 014 (4in, 5m)> 911( i )
2m+1)

5’ 5n

2
(-1)MmqM +m /2m(1 q

m 1+q2m+1

Sm(-1)mg}t? M 2m

If we replace a by «’ in the right side of (3.9), we can find that the right side of (3.9) equals the right side of (4.7). And,
it's easy to verify that (3.10), (3.11), and (3.16) are correct if we replace a by «’ in (3.10), (3.11), and (3.16). Therefore,
we find that

(4.8)
Y (—Dmgmme2m = (1 — /8) f(—q?°, —q3°) — q2(a’? — a’6) f(—q1°, —q2°), and the numerator of (4.7) equals
(4.9)
(1+a’®)(q1L1(q7, q1) — q{L2(q3, 1) — a7 'L1(q% ¢°°) — ¢°L2(q%, q**))
+(@? +a"°)(q°L1(q°% D) + ¢°L2(q% ") + 7' L1(q°, ¢%°) + qL2(q°, ¢°%))
—2a"*(qL1(q°, ") + qL>(q°, q*°))

£(=43.3°)(-a%%-a%°) . (a5%a5°)

+(1+a'®

f(q 45)
, r6n 2 F(=ai®ai®)(=a7%-47°) o (a1%a7°) ,
—(@? + g s — 20 (=t — el

we also need the following results, which can be obtained by an easy calculation:

(4.10)

.( 1-2a%+a®=i 5+\/—( a? +a'®),

l —1+a?+a®—a®=i 5JrT\/g(l—oc’B)or—i ’S_T\/g(—a’2+a’6)

\ a? —2a*+a'® =—i 5_7\/3(1 —a'®).

Transforming L, and L, into the sums of y (g) and theta functions, and ¢ (q) and theta functions with (1.7) and (1.8),
using (4.8) and (4.10) to simplify the terms related to ¢ (q) and w (q), replacing q by gq,in Theorem 2.19, Theorem 2.20,
and Theorem 2.21, and applying Theorem 2.19, Theorem 2.20, and Theorem 2.21, we find that (4.9) equals

(4.11)

/5
z( 1)m m2+m lZm +\/_ 11/)( qS)_l

+(1+ a®)(—q1a,(=q7)f(—=q1°% —aq1°) + 247 A(¢3°, — a7, —qF®
—2q12A4(q: %% 41°% —a?®) + a7 *ay (—q?) f(—a3° —a3%) + a3 ay(—q0) f (—q1°, —q1°)

+f(_q1' 0)( ‘h '_‘hs) (‘h "h) )
f(‘h' q; %)

+(a'? + alﬁ)(ZCI%OA(Ch_w' _Chs' 5) qi az( Ch)f( C11 , _Ch )

—q1 ta, (- q1 )f( ‘h :_Q10)+2q A(‘h '_‘h' 5) q1a,(—q3 )f( ‘h :_‘h D)

q1¢( 7°)

—2q7A(q3° g1, —4?®)
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f( ‘h 'Q10)( ‘h v_‘hs) (‘h v‘h ) )
f(‘h v‘h %)

+2a"4(q1a1( ‘h)f( ‘h :_‘I10)+Q1a2( ‘h)f( ‘h '_tho)_z%f( ‘h ,_Q15)2
—-q°f(=qi° —q{®?

5+V5
- 2 e mat P ean -1 25 e

f(=a1,—a0)?f (=a3, —a1*)(a1% 91°) 0 (a£% 47"

f(—qf,—qf)f(—ql,— 1f(=aqf, —a®)

f(=a3,—a))*f(—=qt, —a1®)(41% 41 (47 41
f(—qq, _QE)JC(_%' _Q14)f(_Q1' _Q1 )

+2a"q, f(—q3, —q1%)>.

By (4.7), (4.9), and (4.11), we find that

+297A(q1° 41° —q®) —

+(1+ a'®)

~(@? + %)

(4.12)

5nv2 011(in, 5in) 611(4in, 5in)

5_@<£ Flsn) e F(3g) )

1 V5 — \/5 V5 1
\/_ql V(=q°) + i q1¢>( q7) + " on S D

f(=q1,—a))*f (=q}, —a1*) (1% 41D (q1 ,q1°)oo
f(_ch' _q1)f( Ch' _‘hs)f( ‘h' )

f(=a3~a0)’f(~at~at)(ai%a1) o (a2%a3).,
f(=av—a?)f(-a$—ai*)f(-a%—ai?)

+2a"*q,f (=47, —q1)?).
By (1.3), (1.16), and (3.6), we derive the next two identities:

X ((1 + a'®)

—(@?+a'®)q,

TE 37'[1

—3,— = —— 520n10 1mm+m2m
oy | O e En(~Dmgpme

F@2,0%) = e Su(-1mgl e,

Using (3.22) and (4.13), we find that

(4.14)
f(=a>,—qa")f(q,q")f(q*q®) 1 _n  osmm
f@q’) TR
x @ T~ )T 5 (ymgm Mgy (—pymam? 2T
Tm(-1)mae 2’”30

Recall that &’ = e™/> and a'5 = —1. By (3.20), (3.21), Theorem 2.22 with q replaced by gq,, and Theorem 2.6 with q
replaced by q,, the numerator of the right side of (4.14) equals

(4.15)

(1 +a)f(g2°,65%) — (@ — a)a3f (a1, a1°) — 2a'q F(5°, 43*°))
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x (£(a#,02%) — (@ — a)a,f (41%,45%) + (2 — «*)qif (a5, 4%) )
x (f(=q25, -2 = (% = @®)a, f (=45, —a3%) — (@ — &t f(—5, —qi®))
= a*((1+ a®)f (a2, 63°) — (@ — @) f (g, q°) — 20'q{ f(45°, 41*") )

o f(=q1,—a7)(a1; 41) (41 % 41 D%
f(=a3,—a))f(—qi, —ai®)

= 2(a"? = a®)q, f(—qt, —a1°) f (—43, —q%2)>

2
f(a1-a3)(atiat) , (a1%ai%),,
f(-a}-a])f(-a2.-q%)

= (—a' +aM)f(q3° 43

+2q,f(q7°, @3°) f (a3, —a1®) f (a3, —a1?)

2
f(-a1-a9)(atat) o (a1%ai%),,
f(-43.-a])f(-a%-ai®)

2@ —a' +aMgif(q1% i f (—ai, —ai®)f (a3, —qi?)

2
50y F(=a1,-a?)(ahat) o (a1%41%)
f(-ai-al)f(-ai-ai®)

—4(a"? —a®)q]f(4:°, a1*") f (—ai, —a19) f (a3, —q1P).

+(a? —a)q?f (1% qi®)

+2q5f (5%, qi

Here, we easily calculate that —a’ + a’* = _1;@,01’2 —a = _1;”/5, and 2 — o' + a'* =5 Let LS, = — L x the left

2 T2
side of (2.31) with q replaced by q;, LS, = By the left side of (2.32) with q replaced by q;, RS, = —% X the right

2

side of (2.31) with q replaced by g;, and RS', = —g x the right side of (2.32) with g replaced by q;. Then, we easily

verify that the right side of (4.16) equals the sum of LS'; and LS',. Therefore, we can say that the right side of (4.15)
equals the sum of RS'; and RS',. Using (3.21), we can find that the right side of (4.15) equals

(4.16)

2
f(-a1.-a3) r(-a¥-a1?)(a1%a1®) oo (a3%a3%) o,
f(-a3—~a])f(-a2.-ai®)f(-a}.—qi®)

- ((a’ —aMf (g, q7°)

—2q,f (g%, 42 f (—q5, —q1°)?

2
f(-d3-a]) f(-at-ai®)(a1%ai%) , (a3%43%)
f(=av—a?)f(=a$,—ai*)f(-a% —ai?)

+(a? — a®)q,f (7%, %)

+a,f (15, 435) f(=a1-a2)"F(=a8.-a1?)(a1%q1) , (a3%a3).,
f(-a}-a])f(-a?-a1®)f(-a}—q1°)

—2(a"? — a®)q?f (q1°, ¢3°)f (—q3, —q1°)?

2
f(-a3-a]) F(-at-41%)(a1%a1°) , (a3%a3%)
f(-av-a3)f(-af~ai*)f(-a%~ai?)

+22 — a' + g f (g1, q3%)

2
F(-a1-a3)"f(-a}-a1?)(a1%a1%) o (a1%43°)
f(=a3-a])f(-a%-a1®)f (-at.-ai®)

-2+ a%—a®)qtf(q, )

+2(a' — aM)qi f (g5, 41 f (—a7, —q1°)?

f(=ad~a0)’f(~at-at)(ai%a1) o (a2%a3).,
f(~q1,-a3)f(-a%,—-ai")f(-a8,-q}?)

- q:f (a3, 97°)

= —a/(F(a7°,a3%) + (@? - @), f(41%,45°) — (@’ — ' )atf (a5, 4i))
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2
f(=a1-a?) f(=a%-a1?)(41%a1) o (a1%41%) oo
f(-a3~a])f (-a%-ai®)f(-at—a1®)

X ((1 + a'®)
F(~a3-a])*F(~at-a1%)(a}%al®), (a2%a2%).,
f(-a1,-a3)f(-a$.—ai*)f (-45.—ai?)
+2a"q, f (=45, —a1°)?)
_ _a,z g <(1 N a,s)f(—ql,—qi’)zf(—qf,—q%z)(q%‘): 410 (@3 47 oo
! f(=ai,—aDf (=4, —a1®)f (—at, —41°)

2
f(-43,-4])"f(-at-a1®)(a1%41°), (a3%43°)
f(-av-a3)f(-af~ai*)f(-at~ai?)

~(@ + %)

m

—(@” + ),
+2a"q1f (=q7,—q1)?).
By (4.5), (1.3), and (1.16), we find that

2
m(—1 m,me+m_r/2m
(4.17) f(—q? —q®) = InCTa

iv5na'~1le20ne” 20

By (4.16) and (4.17), we find that
_ [s-v8 e?q f(=a°~a")f(a.4a’)f(a* a®)
2 f(=a%-qa®)f(34q7)
= fﬂgie_%Jr?_oni Sna"le% 6_9211_07r
2 5n

2 m m2am  2mit m_m?_2m m,m? am™
a* ¥m(-1)"qy e” 10 ¥ (-1)Mqy" e” 10, (-1) Mgyt e

X 2 2 am3Tt
Sm(-1)Mq tMgl2my, (—1)Mq e 10
_ |55 i
10n Zm(_l)mq{nzﬂnarzm
2
w1 +a®) f(-q1-47) r(-a8.~a1?)(a1%a1®) . (a2%4%°)
f(-a}—a])f(-a.-at®)f(-qt.—qi®)

2
f(-a3-a]) f(-at.-a1®)(a1%41°) 0 (43%43°) o
f(-a1,-a3)f(-a%.-ai*)f(-a$.—a}?)

(4.18) +2aq:f (=47, —q1*)?).
In conclusion, using (4.3), (4.4), (4.12), and (4.18), we have completed the proof of Ramanujan's eighth identity.

—(a? +a"®)q,
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